We predict the existence of triple point fermions in the band structure of several half-Heusler topological insulators by ab initio calculations and the Kane model. We find that many half-Heusler compounds exhibit multiple triple points along four independent C3 axes, through which the doubly degenerate conduction bands and the nondegenerate valence band cross each other linearly nearby the Fermi energy. When projected from the bulk to the (111) surface, most of these triple points are located far away from the surfaceΓ point, as distinct from previously reported triple point fermion candidates. These isolated triple points give rise to Fermi arcs on the surface, that can be readily detected by photoemission spectroscopy or scanning tunneling spectroscopy.
The discovery of topological insulators (TIs) [1, 2] has generated much interest in the search for other novel topological states in condensed matter physics and materials science.
As quasiparticle analogues of elementary particles of the standard model, Dirac fermions [3] [4] [5] [6] and Weyl fermions [7] [8] [9] [10] [11] [12] [13] [14] have recently been found in several materials (see reviews Refs. 15 and 16) . Both Dirac and Weyl fermions exhibit Fermi arcs, unclosed Fermi surfaces, on the boundary, as a hallmark for the experimental detection. More recently, several exotic types of fermions, which do not have elementary particle counterparts, have been theoretically predicted as quasiparticle excitations near certain band crossing points that are protected by specific space-group symmetries [17, 18] .
In particular, triple point (TP) fermions have been predicted in many materials with triply degenerate band crossing points [19] [20] [21] [22] [23] [24] [25] . These predictions have stimulated intensive experimental studies to search for their signatures, for example, using angle-resolved photoemission spectroscopy (ARPES) [26] and transport properties [27] .
TPs can be viewed as an intermediate phase between fourfold degenerate Dirac points and twofold degenerate Weyl points.
They also give rise to Fermi arcs when projected onto certain specific crystal facets. However, the detection of TP-induced Fermi arcs remains challenging from the material point of view. A pair of TPs are protected by the C 3v symmetry group (generated by a C 3 rotation and a σ v mirror operation) in certain compounds [19] [20] [21] [22] [23] [24] , for example, tensile-strained HgTe [19] , MoP [20] , and antiferromagnetic (AFM) half-Heusler compounds (e.g. GdPtBi) [24] . Even presuming that samples can be grown, the natural cleavable surface is usually the facet that is perpendicular to the C 3 axis. Consequently, two TPs at the unique C 3 axis are projected to the sameΓ point of the surface Brillouin zone (BZ), resulting in the disappearance of Fermi arcs, as shown in a recent ARPES measurement on MoP [26] . Therefore, TP materials with easily measurable Fermi arcs are still required for the final experimental verification of TP fermions.
In this work, we predict the existence of multiple TPs in several half-Heusler compounds in which the detection of Fermi arcs by ARPES and other surface sensitive techniques such as scanning tunneling spectroscopy(STS) should be straightforward.
The face-centered-cubic lattice of half-Heusler compounds has four equivalent C 3 axes (e.g. the [111] axis) and, thus, can host four (or multiples of four) pairs of TPs. When projected onto the (111) surface, an easily cleavable plane [28, 29] , TPs at the [111] axes merge into the surfaceΓ point while the other three (or a multiple of three) pairs of TPs appear away fromΓ, leading to Fermi arcs that link these individual TPs on the surface. Combining ab initio band structure calculations and the k · p Kane model, we predict several TP candidate half-Heusler materials, including, for example, YPtBi, LuPtBi, and GdPtBi [the paramagnetic phase]). The TPs and resultant extended Fermi arcs are revealed in our calculations, and await experimental proof.
Ternary half-Heusler compounds have been extensively studied in the search for TIs [28] [29] [30] [31] [32] [33] [34] and Weyl semimetals [35] [36] [37] [38] . The band structure of Heusler TIs has been identified as being topologically identical to HgTe [39] . For example, the conduction and valence bands touch each other at the Γ point, where the wavefunctions are comprised mainly of p-orbitals and are, therefore, named Γ 8 bands with a total angle momentum J = 3/2, as shown in Fig. 1a . The fourfold degeneracy at the Γ point is protected by time-reversal symmetry (TRS) and T d group symmetry. The s-type Γ 6 bands (J = 1/2) located below Γ 8 , thus give rise to an inverted band structure. Along each C 3 axis (e.g. the [111] direction), Γ 8 bands split into one doubly degenerate band (labelled as Λ 6 according to the C 3v symmetry) and two non-degenerate bands (labelled as Λ 4,5 ) due to the absence of inversion symmetry in T d group. The Λ 6 bands cross the Λ 4,5 bands since Λ 6 and Λ 4,5 bands disperse oppositely for large k (see Fig. 1a ). As already pointed out in Ref. [19] , TPs exist at the crossing point arXiv:1706.00200v1 [cond-mat.mtrl-sci] 1 Jun 2017 between Λ 6 and Λ 4 (or Λ 5 ) bands. Unfortunately, these TPs that are located extremely close to the Γ point (∼ 0.8% of the Γ−L distance) [19] and cannot be resolved by currently available techniques. In contrast, TPs in some Heusler materials can be pushed to very large momenta, because their Λ 6 bands exhibit a peculiar double-valley feature that is absent in HgTe (e.g. see Fig. 1b ). As illustrated in Fig. 1b , a pair of TPs may exist near the Γ point along the C 3 axis (Γ−L), where two TPs are related by TRS and protected by C 3 rotational symmetry. Given four C 3 axes, four pairs of TPs form inside the first bulk BZ. When projected onto the (111) surface, three pairs are isolated from each other and are far from the surfacē Γ point, giving rise to Fermi arcs connecting these six TPs (Fig. 1h) .
We first construct a phase digram to reveal the emergence and properties of TPs in half-Heusler compounds based on the Kane model [40] , in order to guide the material search. The crystal symmetry of Half-Heusler materials is described by the space group F43m and the point group T d [41] , respectively, and the corresponding low energy physics can be described by the six-band Kane model with two Γ 6 bands and four Γ 8 bands. Along any of the four C 3 axes, two Γ 6 bands are still degenerate, labeled as Λ bands bend up and thus will be always above two Λ 4,5 bands that bend down. Thus, we conclude that at least one pair of TPs due to the crossing between the Λ 6 bands and the upper branch of Λ 4,5 bands must exist. According to energy disperion along the C 3 axis for the Kane model (see details in Ref. [42] ), we find that 1, 2 or 3 pairs of TPs can exist in one C 3 axis, depending on model parameters. The phase diagram as a function of the parameter C, which determines the energy splitting of two Λ 4,5 bands, and the gap ∆ between Γ 6 and Γ 8 states, which influence the effective mass of Λ + 6 bands, is shown in Fig. 1g . For a small ∆, strong hybridization beween Λ (Fig. 1a) in the phase I in Fig. 1g . As ∆ increases, the effective mass for the Λ + 6 bands become negative, leading to a double-hump structure (Fig. 1b) . With ∆ increasings to a critical value, the double-hump Λ + 6 bands can touch the lower branch of Λ 4,5 bands, giving rise to one more pair of TPs (TP #2 and #2') at the critical line in Fig. 1g . As ∆ further increases, the Λ + 6 bands can cross the lower branch of Λ 4,5 twice, resulting in 3 pairs of TPs in total for the phase I in Fig. 1g . TPs are connected by nodal lines and for different phases, we find the connections are different. For the phase I, four nodal lines, three in three mirror planes and one along the C 3 axis, connects the TP #1 to its time-reversal partner TP #1 , passing through the Γ point, as shown in Fig. 1e . The Berry phase around each of three nodal lines in the mirror plane is accumulated to π and characterizes its topological nature (Type-B TPs introduced in Ref. [20] ). Three pairs of TPs exist the phase II, with TPs #1 and #2 (#1 and #2 ) connected by nodal lines and TPs #3 and #3 connected by nodal lines through Γ, as shown in Fig. 1f .
To search for ideal material candidates, we have performed ab initio band structure calculations for a large number of half-Heusler compounds using density-functional theory (DFT) with the generalized gradient approximation.
We have identified many candidate materials exhibiting TPs with a large momentum separation in their band structure, as listed in Table I . For example, TPs #1 and #2 of RPtBi (R = Y, Lu), LuAuPb, LuPdBi, and TP #1 of GdPtBi (paramagnetic phase) lie at large momenta greater than %10 of the Γ − L length. The TP #3 located too close to the the Γ point for the observation. We also list the band inversion strength between the Γ 6 and Γ 8 bands in table I to demonstrate the evolution of the band structure. Roughly consistent with the above phase digram, TPs shift to larger momenta as the band inversion is enhanced. For comparison, we also show the band structure of LaPtBi in Fig. 2 , where TPs appear very close to the Γ point. For convenience, we term materials with TPs at large momenta as long-TP materials, and those with TPs at tiny momenta as short-TP materials. When the Fermi energy crosses a TP in GdPtBi and YPtBi, the TP behaves as the touching point between hole and electron pockets, thereby showing the same feature as a type-II Weyl semimetal [43, 44] . Many half-Heusler compounds are known to exhibit much larger band inversions than HgTe. Thus, it is not surprising to find long-TP materials here. It has been reported that optimized exchange-correlation functionals in DFT tends to reduce the band inversion of Heusler compounds [45] . We note that this functional correction remains of the general order of the band inversion strength between different Heuslser materials, where long-TP materials can still be found in the large band inversion region. Fig. 1 . The distance of a TP to the Γ point is specified as a percentage of the Γ − L length. The energy of a TP is given with respect to the Fermi energy. The existence of Fermi arcs on the surface is a hallmark of TPs for their experimental detection. When projected to the (111) surface, six TPs (TPs #1 and #1 ) locate at theΓ −M line. Because a typical TP is equivalent to two degenerate Weyl points with opposite charities, typically two Fermi arcs are expected to emerge from a TP. A natural choice is that these two Fermi arcs end at two neighboring TPs separately (One possible case is that a Fermi arc connects those two WPs and disappear as two WPs merge to be a TP). As a consequence, six Fermi arcs form a hexagon-like Fermi surface. We first employed a tight-binding regularization of the Kane model and calculated the surface states on a half-infinite (111) surface. As shown in the surface band structure of Fig. 3a with only 1 TP along theM −Γ line, a surface band disperses from the Brillouin zone boundary to the center. AlongK −Γ, it runs very close to theΓ point and merges into the bulk background. FromM toΓ, however, it ends exactly at the TP. On the Fermi surface at E F crossing the TP, one can clearly see that six Fermi arcs connect six TPs, forming a hexagon shape. Each Fermi arc starts at a TP and ends at the neighboring TP (Fig. 3a-iii) . Outside the hexagon of Fermi arcs, there is a larger Fermi ring due to the same surface band. When 3 TPs exist along the theM −Γ line (Fig. 3b) , the original surface band still ends at the TP #1 while a new surface band appears to link TP #2 and TP #3 although it is weak in intensity. On the Fermi surface, one can observe that six Fermi arcs connect six TPs #1 (Fig. 3b-ii) and also six TPs #2 (Fig. 3b-iii) . We note that the Fermi arc states penetrate deeply into the bulk, similar to the Fermi arcs of a Weyl semimetal TaAs [46, 47] , since they appear close to the bulk pocket boundary on the Fermi surface. Therefore, we can summarize two important features of TP surface states. (i) The surface band ends at the TP #1 position in the energy dispersion alongM −Γ. (ii) Six Fermi arcs interconnect six TPs related by C 3 and TRS when E F crosses the TPs.
Material
Regarding materials we have calculated the surface states of GdPtBi based on ab initio DFT calculations within a slab model. The slab model includes 54 atomic layers of the (111) surface and the band structure is projected to the top surface that is terminated by Bi atoms. The projected band structure represents the dispersions of surface states (Fig. 3c) , which agrees well with previous ARPES measurement [28] . There are several trivial surface states due to Bi dangling bonds in the band structure. We point out a pair of Rashba-like surface bands (noted R1 and R2 in Fig. 3c ), which disperse up from -0.6 eV atM to above E F atΓ. When approaching the TP, R1 does not disperse up together with R2, as ordinary Rashba bands do. Instead, R1 crosses R2 at energy E2 = −72 meV and then ends at the TP at E1 = −22 meV (Fig. 3c-v) , fulfilling the first feature of Fermi arc states. Here the surface band structure is a result of the strong hybridization between Fermi arc states and dangling bond states. We point out that the same feature that R1 ends at the TP can be found for another long-TP material YPtBi and even a short-TP material LaPtBi, see Ref. [42] for more information. For the Fermi surface corresponding to E 2 ( Fig. 3c-iii) , there are two rings forming a flower like shape caused by the R1-R2 crossing. For the Fermi surface corresponding to E 1 (Fig. 3c-ii) , there is only one apparent ring due to R2. Here Six TPs locate inside the R2 ring, where Fermi arcs are expected to exist. However, these Fermi arcs are missing in the DFT band structure. This is due to the finite size effect of the slab model simulations. In experiment, corresponding Fermi arcs should appear but possibly with weak intensity, since they penetrate deeply into the bulk. In previous ARPES experiments, a flower-like Fermi surface similar to Fig. 3c -iii was observed for LuPtBi, YPtBi and GdPtBi [28, 29] , where R1 starts crossing R2. However, ARPES did not reach the energy window of TPs, because these Heusler samples are usually hole doped. To fully reach the TP region by ARPES, electron-doped samples are needed to shift E F by ∼ 50 meV with respect to current samples.
The predicted Heusler TP materials are known to exhibit antiferromagnetism (AFM) (e.g. GdPtBi) [41] and superconductivity (e.g. LuPtBi and YPtBi) [48, 49] at low temperatures. They serve as a new platform to investigate the interplay between TPs and magnetism / superconductivity. For example, GdPtBi is AFM below 9 K and can be polarized to be ferromagnetic (FM) by a strong magnetic field. Several topological phases are anticipated to exist with an AFM or FM, such as the AFM TI [50] , Weyl semimetal [24, 35, 36, 38] , and mirror TI [24] . It is interesting to ask how the TPs in the bulk and corresponding connected Fermi arcs on the surface in paramagnetic GdPtBi evolve into Weyl points and new Fermi arcs, or Dirac-cone-like surface states in the AFM or FM phase. In addition, we note that TPs can also exist in the normal zincblende type band structures without a band inversion, since Λ 6 bands commonly have different mass from Λ 4,5 .
In summary, we have predicted the existence of TP fermions in the band structures of several half-Heusler TIs. By ab initio calculations and the k · p Kane model, we have identified the existence of multiple TPs at large momenta in the bulk and revealed the existence of Fermi arcs on the surface. The Fermi arcs states ends at the TP position in the energy dispersion alongM −Γ and connect neighboring TPs at the Fermi surface. To observe TPs and Fermi arcs, currently available samples may need slightly more electron doping for ARPES studies. Alternatively, two-photon photoelectron spectroscopy or scanning tunneling spectroscopy, which can measure empty states, will be ideal for the detection of TP Fermi arcs. 
